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We eliminate, by Von Zeipel's method, the short-period t e rms  
of a f i r s t -o rde r  general  planetary theory. 
r e fe r r ed  to  the orbital  plane of the disturbing planet and the longitudes 
a r e  counted f rom the longitude of the ascending node of the disturbed 
planet. 
The disturbed planet i s  
The short-period t e r m s  arising f rom the indirect  par t  Fli  of the 
disturbing function and those arising f rom i t s  principal par t  F 
eliminated separately. ' The f i r s t  t e r m s  a r e  calculated using Newcomb 
operators ,  the second using Newcomb operators  and Laplace coef- 
ficients. The powers of eccentricit ies and mutual inclination higher 
than the third a r e  neglected. 
a r e  
1 P  
This elimination reduces the system of canonical equations whose 
Hamiltonian is F 
equal to zero. 
to a system whose Hamiltonian F' l i  l i  is identically 
It reduces the system of canonical equations whose 
Hamiltonian is F 
four  secular  t e r m s  and one long-period te rm.  
to a system whose Hamiltonian F' is the sum of 
1P 1P 
A numerical  check of our formulas has been ca r r i ed  out in the two 
par t icular  cases  of Jupiter perturbed by Saturn, and M a r s  perturbed 
by the Earth. 
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ON VON ZEIPEL'S METHOD IN GENERAL PLANETARY THEORY' 
2 Jean Meffroy 
1. INTRODUCTION 
1. 1 The purpose of this paper, which develops two previous notes -
(Meffroy, 1965a, b),  is to eliminate, by von Zeipel 's  method, the 
short-period t e r m s  of a f i rs t -order  general  planetary theory. This e l im- 
ination is the f i r s t  s tep in constructing, by von Zeipel's method, 
a f i r s t -order  general  planetary theory; the second step deals with the 
elimination of the long-period te rms  and that of the secular  te rms .  Von 
Zeipel 's  method is an improvement on Delaunay's (1860,1867), in which 
the elimination of the short-period t e r m s  and that of the long-period 
t e r m s  required a number of subsidiary steps,  each s tep eliminating only 
one te rm.  I t  deals with the intensive use of two determining functions 
the first one eliminates a l l  the short-period t e r m s  and t ransforms 
the sys tem of canonical equations into a system whose Hamiltonian 
no longer depends on the mean longitudes; the second one eliminates 
all the long-period t e r m s  and t ransforms the sys tem of canonical 
equations whose Hamiltonian is independent of the mean longitude into 
a sys tem whose Hamiltonian no longer depends on the angular variables. 
This la t ter  sys tem i s  solved: its l inear  variables a r e  constants,and i ts  
angular variables a r e  l inear functions of time. 
- 1.2 It is in his mas ter fu l  study of the motion of minor  planets pe r -  
turbed by both Jupiter and the Sun that von Zeipel(1916a,1916b,1917) intro- 
duced, for  the f i r s t  time, his concept of a determining function. This concept 
1 
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2 
1 
was elaborated by Brouwer (1959a), who improved on the method used by 
Delaunay in his lunar theory. 
applied to artificial-satellite theory by Brouwer (1959b), Garfinkel 
(1959), Hori (1960, 1961), Brouwer and Hori (1961), Kozai (1962), 
Morando (1962, 1963), Kovalevsky (1964), and Oesterwinter (1965). It 
was applied by Hori (1963) to the main problem of lunar theory and by 
Marsden (1966) to the theory of the Galilean satell i tes of Jupiter. 
Von Zeipel's method was subsequently 
- 1. 3 In the theory of minor planets, in lunar theory, and in art if icial-  
satell i te theory, we deal  with only one se t  of canonical equations, and 
the determining function that eliminates the short-period t e r m s  depends 
upon six variables.  
s e t s  of canonical equations instead of one, and the determining function 
that eliminates the short-period t e r m s  depends upon 12, 18, 24, . . . 
variables instead of 6 according a s  the number of the disturbing 
planets i s  1, 2, 3, . . . . On the other hand, the difficulty of intro- 
ducing von Zeipel's method in general  planetary theory does not lie in 
the relatively large number of t e r m s  we have to consider in the powers 
of the masses ,  as we do in lunar theory, but in the expression of the 
disturbing function itself. This expression is ra ther  simple in lunar 
theory, but is much more  intricate in general  planetary theory, where 
it is divided into two par t s  - the indirect  and the principal par t s .  
determining function i s  thus the sum of two t e rms ,  one of them ar is ing 
f rom the indirect par t  and the other f rom the main part. Each of these 
two t e r m s  is checked separately.  
In general  planetary theory, we deal  with 2, 3, 4, . . . 
The 
- 1. 4 We consider only one disturbing planet and we neglect the powers 
of the eccentricit ies and mutual inclination higher than the third. 
f i r s t -order  theory in which the products of the mass of the disturbing 
planet and its heliocentric rectangular coordinates a r e  used a s  correct ions 
to the heliocentric rectangular coordinates of the disturbed planet, we 
do not need to calculate the indirect  pa r t  of the disturbing function 
(Brouwer and Clemence, 1961). Nevertheless,  we shall  take it into 
account in order la te r  to eliminate the long-period t e r m s  and to build, 
through von Zeipel's method, a second-order theory. 
In a 
2 
2. NOTATIONS AND PRELIMINARY CALCULATIONS 
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P l , P 2  
P I U  
= Sun, 
= disturbed planet r e fe r r ed  to S, 
= center of m a s s  of S and P1, 
= disturbing planet r e fe r r ed  to G, 
= distance SP1, 
= distance G P  
= angle of vectors S P  
= distance SP2,  
= distance P1 P2, 
= semimajor  axis of osculating ellipse of P 
= semimajor  axis of osculating ell ipse of P 
= m a s s  of S, 
= small parameter  of the order  of the masses  of P1 
2' - 4 
2' 




= finite numerical  coefficients, 
1' = m a s s  of P 
2' = mass  of P 
= constant of gravitation. 
The Hamiltonian of the system of canonical equations of P1 and 
P is 2 
2 
r 
crk P I P ,  
2 
(1  1 
1 2  
F =  t "OP2 + k 2 m  
2al  a2 
3 
The Delaunay variables L1 and L associated with a and a a r e  2 1 2 
Equation (1) then becomes 
2 
- (2)  crk PIP, 1 t 2 r 2  1 /2  
m m - c o s e t (  r O ) 4
0 1  
1 
2 mo + P,u 
r2  
m t p  u r 
We assume that ( r l / r 2 )  < 1 and we develop equation (2)  into a Taylor 
s e r i e s  of the powers of the small parameter  u according to the formula 
2 
( 3 )  
U 
F ( V )  = F(0) t CT F’(0) t 2 F”(0)  t . . . . 
1 
Such an  assumption i s  always realized since the distance between S and P 
i s  very  sma l l  in  comparison to the distance between G and P2 in the 
in the applications of general  planetary theory. 
4 
Since we a r e  considering a f i r s t -o rde r  theory, we reduce ( 3 )  to i t s  f i r s t  two 
terms F(0) t r F ' ( 0 )  and we put F(0) = F o, U F ' ( 0 )  = F1. Equations 
( 2 )  and ( 3 )  show that 




4 2 3  4 2 3  
ln0Pl  " o b  
1 I 
4 4 
k4m0 P k4m, P, rj- 2Lf - 2Lf 
r k 2 P l p 2  [i.. 8 t 
r2  
Therefore F1 is the sum of the three t e r m s  
1 r r2  ( - 2 -cos e t 
r 2  
The first t e r m  i s  of the same  form a s  that of Fo, the second one i s  
the indirect  par t  of the disturbing function and we call  it Fli, the 
th i rd  one is the principal par t  of the disturbing function and we call  it 
F 1P' l i  
W e  calculate Fli by means of Newcomb operators,  and F 
Newcomb operators  and Laplace coefficients. 
of Newcomb operators  may seem unneccessary but the use  of Newcomb 
operaotrs  will be more  imperative when we shall  go, l a t e r  on, into the 
1P' 
Short-period t e r m s  of the f i r s t  o rde r  appear only in F and in F 
by means of 
1P 
A calculation of Fli  by means 
5 
second-order theory and in order  to unify our work, we introduce them 
systematically in the f i rs t -order  theory. 
p 
longitude of the ascending node of P1 (Brown and Shook, 1933; see 
especially chapter 7, p. 179). 
We choose the orbital  plane of 
a s  a plane of reference and we count the longitudes f r o m  the 
2 
We shall  u s e  the following notation: 
I 1  
81 
1 2  
82 
e l  




= mean longitude, 
= longitude of the perihelia of P1, 
= mean  longitude, 
= longitude of the perihelia of P2, 
= eccentricity of the orbital  ellipse of P 1’ 
= eccentricity of the orbital  ell ipse of P 2’ 
2’  
= inclination of the orbital  plane of P 
= sin1/2, 
= a l / a 2 .  
on the orbi ta l  plane of p 1 
If we neglect powers of e 1’ e 2’ and T higher than the third, the 
e e’) cos (21 - i 2  t g1 - g 2 )  1 2 3 e 3  - -  1t ($el - Z e l - r  - - 8 1  4 1 2  1 
4 1 2  
3 2 3  t (- - e  + - e 7  + - e  e c o s ( i 2  - g l  t g2) 2 1  2 1  
t (- elT2)COS ( i2 t g1 t g,) 
2 t 2e2T cos (11 t 212 t g1 t g2) 
6 
t (2e2  - 2e 7 2 2  - e l  e2)cos ( -  i1 t 2 i 2  - g1 t gz)  
2 
t e ;  cos  (31 1 - i 2  t g1 - g2) 
t e: cos  (.tl  t 1 2  - 81 t g2) 
t ( -  3ele2) COS (21, - g l  t g2) 
t e le2  cos ( 2 l l  - 212 t g1 - g,) 
t - e  8 2  cos (I1 t P 2  t g1 - g2) 1 2  
27 2 
t -g- e 2  cos (1 - 312 t g1 - g2)  1 
t 1. 3 1  e’ cos ( 4 ~ ~  - l 2  t g1 - g2) 
t = e l  cos  (211 -k -5 - 81 t g,) 1 3  
1 2  
4 1 2  
3 2  t - e e 4 1 2  
e e 
1 
t - e  e c o s  (11 t 212 - g1 t g,) 
c o s  ( 3 1  1 - 2P2 t g1 - g,) 
cos ( 2 1 ,  t P 2  t g l  - g,) 2 + x 1 2  
t (- ele:)cos (312 - g1 t g2)  
e e 2  cos  ( 2 1  - 3 . t 2  t g1 - g2) +la 1 2  1 
27 
1 3  
t e2  cos ( P 1  t 212 t g1 - g,) 
t 7 e 2  cos ( -  . t l  t 4.t2 - g1 t g2)  3 16 3 , 
7 
and that for F is 
1 P  
F =  
2 1P a 
t e ~ ( - 1 t ~ D t ~ D 2 ) b v 1 )  1 
P2 
2 t e 2 ( -  1 
I 
2 3a 
t e 1 T [(r + ;D)b'p:, t(F t 2 ) b3/2 ('I] 
cos (12  - g1 t g,) 
8 
t {e1 (1 - D)b\fL 
t e 1 T 2 [(-:t:D)b$L t (-%t:D)b\;!l‘ 
t e l e i ( -  1 t T D t - g D  3 D3) b:)L\ c o s  ( 2 1 ,  - l 2  t g1 - g 2 )  - -  
+ [ e2  ( 3  z ti D)b!:’, 
t e2T2[(- a -: D)b$’, t (- a - 5 D) 3 /  2 
t e l e 2 ( - T - g  2 D t 7 D  1 2 1  t 8 D 3 ) b l j 2  (1)  
t e ; ( - f - & D t X D  3 2  t x D 3 ) b i ) ; \  1 c o ~ ( - P ~ t 2 2 ~ - g ~ t g ~ )  
t [($ t D) biO/)Z 
+ e 2 T 2 (-a -;D)b3,2 (1 1 
D t z D  1 2 1  t s D 3 )  blI2 ( 0 )
1 D t 2 D  1 2  t-i-gD3) 1 biO/)z] C O S  l 2  t 
9 
t [ e2  (- t D) b\))2 
t e2T 2 (- 
D b$L - % D b3/2 
- - D t j-~ 1 D3) blI2 (1) 
t e i ( - k - & D + - D  8 t X D  3 )b (1 ) ]  1 /2  cos (11 t g1 - g,) 
2, 1/2 
1 1  t e:(- 8 t s D t D b ( l )  cos  (I1 t P 2  - g1 t g,) 
3 1 2  
e: (- g D t 8 D ) b(lO/)Z C O S  21 1 
t e:( - 8 7 D t 8 1 D2)bl12 (1) cos (311 - 1, t g1 - g,) 
3 5  1 
t e le2  (- 7 - 3 D - - 4 D2)bi'/', cos ( 2 1 ,  - g1 t g,) 
1 1 
t e le2( -  7 D - - 4 D2) b'1"/)2 cos (11 t 1 , )  
1 t e l e 2 (  - 7 t 2 D - - 4 D2)b(') 1/2 cos (2, t g1 - g,) 
t e l e 2 ( i  - 2 1 D - - 1 D2)b( ')  cos ( -  g1 t g,) 
4 1/2 
t e l e 2 ( - $ D  - -  4 D2)bi7', cos (1 1 - 1,) 
1 1 
t .,eZ(: - 7 D - 7 cos ( 2 1  1 - 2B2 t g1 - g,) 
10 
+ t 3 1 2 - g 1  t g2 )  
5 
t e;(+ t g D t 1 8 D2) b(1!)2 cos 21 2 
+ e2 (-x+g 1 1  D + s D ) b l , 2  1 2 (1 )  C O S  ( m  t I t g  
2 1 2 1 - 2 1  
t T 2 z b ( l )  2 312 C O S  ( -  221 - 2g1) 
2 a  t - 2 b(O) 312 cos  ( -  l 1  - P 2  - 81 - g,) 
t T~ a b ( l )  C O S  ( -  212 - 2 g 2 )  2 312 
2 5a 
t e 1 (- T - $ D ) b i y \  cos ( -  8 1  - 
+ elT2(- 7 3a - 2 D) b3,2 (0) C O S  ( -  I 2  - g1 - g2) 
t e l T 2 ( - 2 - $ D ) b $ ! ~ o s  (1, - 2 5  - 2g2)  
-t e 1 T 2  (-$ - $  D) b$i C O S  (11 t z12 + zg2) 
+ elT2($ - $ D) b$)Z COS (2m1 t P 2  t g1 t g2)  
2 3a t e 1 (7- :D)b(l)  3/ 2 cos (311  t 2g 1 ) 
t e 2 ~ 2 ( % t % D ) b $ L c ~ ~  ( -  211 t I 2  - zg l )  
1 1  
t e T 2a  ; T D  b3/2 (0) c o s  ( -  P 1  - g1 - g,) 
2 
c o s  ( -  P 2  - 2g2)  
t e2T 2 (7 3a +% D) b$)Z c o s  ( 3 1 ,  t Zg,) 
t e2T2(a t %D)b$L cos (11 t 2P2 t g1 t g,) 
2 a  t e 2 T (2 t 5 D)b(') 3/  2 cos (2P1 t l 2  t 2gl )  
t e ~ ( - , i , D t , u ' - ~ D 3 ) b ~ ~ ~ c o s  1 1 1 1 (21, t 1 2 - g 1  t g,) 
D2 - = D 3 ) b ( l )  1 t e;(+ - D t ig 1/2 COS (411 - l 2  t g1 - g,) 
t e l e 2 ( - x t ~ D t ~ D  2 3 1  1 2 1  t ~ D 3 ) b ~ 1 / : c o s ( ~ l t 2 P 2 - g l t g 2 )  
1 " 2 )  t e : e 2 ( - x D - - g D  3 
1 2 1  t-g-D 3 ) b 1 , 2 c o s ( 2 1  ( 0 )  
t e:e2(- t D - - 2 D2 t $ D3) b(l)L cos ( 3 1  1 t 81 - g,) 
1 t e:e2(k - 8 D t & D3)bi)L cos (P1 - g1 t g,) 
t efe2(-  D - - 8 D2 t & D3) blyi cos ( 2 1  1 - 12) 
12 
D - - 1 2 1  D t - D3) bil/)2 c o s  (38 - 212 t g1 - g,) 
4 16 1 
t el.:( - - D  4 -16 5 D2 - & D3) bi;L cos (.f l  t 21,) 
D cos (211 t l2  t g1 - g,) -16 
2 1  1 
t e l e 2  8 - 16 D - -& D2 - A D  cos ( -  l 2  - g1 t g,) 
t e l e : ( - x n - 1 6 D  1 
t e l e f ( F  t & D - 
-= D3) b\O/)Z cos (11 - 212) 
D2 - & D3)bi1/L cos ( 2 1  1 - 312 t g1 - g,) 
3 2  1 u 7 1  95 D t 3 D  t - D') b ( l )  cos ( -  l1 t 412 - g1 t g,) 
+ e 2  Zt48 48 1 I 2  
2 
t e i ( - & t & D t g D  1 2 1  t ~ D ) b ~ ~ ~ c o ~ ( l ~ t 2 8 ~ t g ~  3 - g 2 )  
where D is  the operator a(d/da) ,  and b1,,, (0)  bl  (1)  /2, b3 /2 ,  (0) b3 /2 ,  ( 1 )  b 3 / 2  (2 )  a r e  
Laplace coefficients; 
5 3  t e rms .  The f i r s t  20  and the last 1 8  t e rms  of F a r e  t e rms  of class 
zero  in  the Newcomb sense; the other t e rms  of F 
Fli  is a sum of 2 4  t e rms ,  and F is a sum of 
I P  
1P 
a r e  t e rms  of c lass  
1P 
one in  the Newcomb sense. 
1 3  
3 .  VON ZEIPEL’S METHOD 
We s t a r t  f rom the s e t  of Delaunay’s var iables  L Gi,  Hi, Pi ,  giJ hi 
and the index 2 r e fe r s  to P 
i’ 
2’ 
(i = 1 , 2 )  in which the index 1 r e f e r s  to P 
We operate the canonical change of variables 
1 
We assume that the new Hamiltonian F f  depends no longer on the mean 
aiiomalies P i ,  1 
through the equality: 
and that it i s  connected to the old Hamiltonian F 
2 
We cal l  S(L;, L;, G;’G$, H;, Hi,  11, i 2 ,  g l ,  g2, hl ,  h2) the determining 
function that eliminates the short-period te rms ,  and we put 
We put S = So t SI t S2 t . , * ,  where So, S1, S2, . . . are ,  respectively, 
of degrees  0, 1, 2, . . . with respec t  to  (T, and we assume that 
So = L i l l  t L;P2 t Gig l  t G>g2 t H;hl t H>h2 . (9) 
Equations (7) ,  ( 8 ) ,  and (9)  show that 
14 
If we develop the f i r s t  member  of (10) in  a Taylor s e r i e s  according to 
the powers of aS1/all , .  . . , 8Sl/ah2, the second member of (10) in a 
Taylor s e r i e s  according to the powers of aS,/aG’ , a s p H ;  , 1’”’  
and if  we r e s t r i c t  these two developments to their  t e r m s  of degrees 
0 and 1, then we obtain 
1 1 1 1 t-- +--+-- t-- t-- I a i 1  aL; a i 2  aL> agl  aG; ag2 ac; ahl aH; 
F 
degree ze ro  with respect  to  u, F1 the se t  of the t e r m s  of F and F’ 1 
se t  of the t e r m s  of F’ of degree one with respect  to U. 
(11) F b y  Fo t F1, F‘ by Fb t F;; and we equate in the two members  
of (11) the t e r m s  of degree zero and the t e r m s  of degree one with 
respect  to U .  
being the se t  of the t e r m s  of F and Fb the se t  of the t e r m s  of F’ of 0 
the 
We replace in 
Then (11) spli ts  into the two equations 
15 
F = F b  
0 8 
JI A A .I 
We put F1 = FT t Tl t F1 , F; = F; t F;, where F-’ 1 i s  the s e t  of the 
short-period terms of F1, F, the se t  of the long-period t e r m s  of F1, 
F 
t e r m s  of F;, and F; the se t  of the secular  t e r m s  of F;. 
becomes 
A - 
the se t  of the secular  t e r m s  of F,, F; the s e t  of the long-period 
Then ( 1 3 )  
A 1 
J, A a s ,  a F o  as, aFo - A 
.,. - +--- - F i t  Fi 
F1 t F, t F1 +-- a i ,  aL; a i 2  %I, 
Equating in  the two members  of (14) the short-period t e rms ,  the long- 
period t e rms ,  and the secular  t e rms ,  we have 
A A 
(15) 
:* as, a F o  a s ,  a F o  - F1 = F; . 
F, =F’ 1’ --+--- Fi a i ,  aL; a i 2  aLI, - o s  
Let  us  put S1 = Sl i  t S 
t e r m s  of S1 arising f rom Fli, and S 
The f i r s t  of equations (15) breaks  up t e r m s  of S 
into the following two l inear  par t ia l  differential equations of the f i r s t  
order :  
where S l i  i s  the se t  of the short-period 




arising f r o m  F 1 
16  
- 
On the other hand, the equation F; = F; t *; and the las t  two equations 
(15) show that F; = F1 t F1 . 
tion show that 
- A 
Equations (5), ( 6 ) ,  and this las t  equa- 
17 
4. ELIMINATION OF THE SHORT-PERIOD TERMS 
1P 
ARISING FROM F 
.b 
4. 1 We see from ( 6 )  that F"' is the sum of 51 t e rms .  To  each of 
1P -
these t e r m s  there i s  a corresponding equation (17) ,  which may be writ ten 
(20)  
as 
A ~ 2  t B P  = C COS ( p i l  t sa2 t ygl t zg2) , 
1 a p  2 
where A ,  B, C are quantities independent of I and I and a r e  respectively 
equal to  
1 2 
and where p, q, y, z a r e  relative integers.  
We  consider the particular solution of (20) ,  
, 




and (21) becomes 
Each solution (22) is characterized by the s ix  quantities f(a), g(ei ,  e>, T'), 
p, q, y, z. We calculate the 51 solutions thus obtained. The sum of these 
51 solutions is S We have : 
1P' 
t et'(- 1 t 1 D t z 1 D 2 )bl12 (1) 
1 
t {ei (- 1 - D)bi) i  
t et T' 2 [(.- 3a t 
1 D) b$i t (+ t D) b\T:] 
31 2 a 
19 
t e' 1 2  e' 2 (- D2 - g 1 D 3) bll2 (o)] sin P 1  
sin ( - P 1  t 2P2 - g1 t g2)  
31 2 
t e> 3 (- f - -ig 3 D t g 3 2  D t ig 1 D') b l /2(  (1) i
- 1 t 2 u  
2 sin P t e< (- i-g 1 t D + 3 1 2 1  D t i-g D3) b\;)Z] j / 2  
a 
20  
t[ e; (- & t $ D) b\i)Z 
t e' 2 T r 2  (- $ D b$i - D b$)Z) 
t e i  2 e > ( i - g  5 
t e f  4- 81 - g,) 
.sin (11 t l 2  - g l  t g,) 
31 2 
1 t a  
1 sin 21 
2 
7 sin ( 3 1  1 - P 2  t gl - g,) 
31 2 3 - a  
t e?(: - g D t 
sin ( 2 1 ,  - 81 g,) 
31 2 
3 5  
4 + eie; (- 
t e i e >  ( - Z D - ~ D ' ) ~ ~ , ~  
- - D - - 
2a 
sin ( P 1  t P 2 )  
1 t a  31 2 
1 (0) 
sin ( 2 1  1 t 81 - g,) 
2 
sin (11 - P 2 )  
1 - a  3/ 2 
(0) 
D - 1 4 D2) b l I2  
sin ( 2 1  - 2P2 t g1 - g,) 1 
t e' e' 1 2  
2 2 - za3/ 
1 t e;e> (i - 7 D - 
sin(-1 1 t 3P2 - g1 t g,) 
(1) t e''(, 2 8  t: D ti D2) b l I2  
- 1 t 3 a  31 2 
21 
sin ( -  28 - 2g l )  2 a (1) 1 ' Z b 3 / 2  -2  
sin ( - P 1  - P 2  - g1 - g2)  
f T t 2  O b ( 0 )  
3/ 2 - 1 - a  
2 3/2 
sin ( -  212 - 2g2) 
f 7t2 a b ( ' )  
31 2 -2  a 
2 3/2 
2 sin (8 1 - 2P2 - 2g2) + ( -2-  t ) (1)  
1 b3/2 31 2 1 - 2 a  
sin (2P1 t P 2  t g1 t g,) 
31 2 
t e' T' 2 (2 - 9 D) b3/2 (0) 
2 t a  
1 
2 3a sin (3P1 t 2g l )  
3 t eiTf (T - D) b(31/)2 
sin ( - 2 8 ,  t l 2  - 2g l )  
31 2 
t e' 7' 2 t $ D) b3/2 (1 1 
- 2 t a  
2 
22 
sin ( -  1 1 - g1 - g,) 
t e' T ' ~  S D  b$L 
2 -1  
sin ( -  l 2  - 2g2) 
- a  31 2 
t e' 2 T r 2 ( - ~ t ~ D ) b \ ; !  
s in  (312 t 2g2) 
2 3a (1 1 
t e>T' (r t D) b3,2 3a3/ 2 
sin (1 1 t 212 t g1 t g,) 
1 t 2 a  31 2 
t e>Tr2(a t % D ) b $ L  
s in(2P1 t P 2  t 2g l )  
+ et T r 2  (t t % D) b ( l )  
31 2 2 t a  2 3/ 2 
sin (211 t P 2  - g1 t g2) 
3/ 2 2 t a  
1 sin 38 t e ; ' ( - g D t E D  3 2 - - D  1 3) bl/2 (0)
sin (411 - P 2  t gl  - g,) 
1 (1) 
D 2  - 48 D3) blI2 31 2 
t e i 3 ( + - z D t x  31 
4 - a  
sin ( I 1  t 212 - g1 t g,) 
+ e '  2 e' ( - m t g D t g D  3 1  
t ei2e> ( - & t D  3 
t e; e;(& - 3 b l / 2  ix 
1 2  t 1 2  x D3)bi )L 1 t 2a 3/ 2 
s in  ( 2 1  t I 2) 
31 2 2 t a  
sin (31 t g 1 1 - g2) 
2 1 ( 1 )  1 3 ( 1 ) )  sin (I1 - g1 t g,) 
b l / 2  
23  
sin (21,  - 12)  2 3 1 2 1 3) (0)  
t e; e> (- 16 D - 8 D t i-6 D blI2 3/ 2 2 - a  
1 2 1  sin ( 3 1  1 - 212 t g1 - g,) 
2 
- D t 3 D3) bl;)2 
3 - za3/ 
sin (1, t 21,) 
1 2 1  (0)  t e f e f 2 ( - T D  1 2  - $ D  - i 5 - D 3 ) b l 1 2  1 t 2 a  31 2 
sin ( 2 1 ,  t P 2  t g1 - g,) 
t e\ef  ( - $ t & D + - i - g  D2 - &D3)  b\'/i 
2 t a  31 2 
sin (1 1 - 21,) 1 2 1  (0) t et 1 2  e f 2(- 3 D - $ D - ig D3) bl/2 
1 - 2a 31 2 
sin ( 2 1 ,  - 3 1  t gl  - g2) 
- E  D3) b(ll/)Z 3/ 2 2 - 3 a  
sin (-11 t 4 P 2  - g1 t g2) 3 2  1 
t e 2 ( %  t z D t g D  q 5  twD3)b \ ' / )2  - 1 t 4a3/ 2 
2 sin 31 t x D  t a D  2 1  t z D 3 )  bi0/)2 7 
a 2 4  
sin (1 t 212 t g1 - g,) 
1 t 2 a  
1 
t e? (- 1 2  48 D2 t $ D') b(ll/)Z 3/ 2 1 5  - t - D t s  
2 4  
The values of as /am,, 8s /am2, a S l p / a g l ,  8s /ag are easily 
obtained from (23), and will not be given here.  
as /aL;, as /aG;, as /aG>, as lp/aH;,  as /aH; require 
1P  1P I P  2 
The values of 3s /i3L;, 
1P 
1P  1P 1P I P  
fur ther  calculations. We obtain from (22): 
2 1 - e; 
- - -  





& = = equation (27) , 
L G 
2 5  
4. 2 Terms  of F of o rde r s  4 and 5 in e’ introduce in (24) and (26), 1P 1 -
through the quantitity (1 /e’ ) (ag be ; ) ,  t e r m s  of o rde r s  2 and 3 in e’ 
1 1’ 
respectively. T e r m s  of F of o rde r s  4 and 5 i n  e t  introduce in (25) 1P 2 
and ( 2 7 ) ,  through the quantity ( l / e ’  ) (ag be’  ), terms of o rde r s  2 and 3 in 
e‘ respectively. T e r m s  of F of order  4 in T’ introduce in (26) and 
(28)’ through the quantity ( l / T t )  (ag/aT’), t e r m s  of order  2 in T ’  . Since 
we neglect i n F  powers of e’ e’ T ’  higher than the third, we shall  
neglect in as / a L i ,  a s  / a iy  aslp/aG;,  a s  / aGi ,  8s / aHi  the 
2 2 
2’ 1P 
1P 1’ 2’ 
1P 1P IP 1P 
powers of e’ e‘ T’  higher than the first. 1’ 2’ 
4 .  3 F o r  each S defined by (22), we have to  calculate equations (24)’ 
1P -
(25)’ (26)’ (27), and (28) .  Le t  u s  consider, fo r  instance, the fourth 
term of the expression (23) of S We have 
1 P‘ 
p = 2, q =  -1,  y = 1 ,  z = -1 , 
2 Df = (2  D - D 2 ) b l I2 ,  (1) 




t a 3/2 [q 1 (- 1 t D) bll/)Z 
e ; ( -  4 - 2 D t 2 D 2 ) bl12 ( ) as Ip= a L; 
sin (21, - l 2  t g1 - g2)  
3/ 2 t a e\ (- 1 t 5 D - D2) b!):] 
( 2 - a ' )  3 2 2  J 
sin ( 2 1  - P 2  t g1 - g2) 1 
+ z  er  1 (1 - D) b!):] 2 - a3' 2 s 
2 7  
L 
Let u s  also consider the 31st t e r m  of equation (23). We have 
(1) 2 
f(a) = ( F + % D ) b 3 , z  , g = e' 2 T' , p = 0, q =  3, y = 0, z = 2, 
whence 
W e  have,therefore, since we neglect the powers of e' 
higher than the third, 
e' and T' 1' 2' 
a s  
a L; I p = o  , 
as u p l a  3/ 2 , 3 / 2 C ( F t T  2 sin (38 t 2 g z )  
Ip= 3a D) b$L 3 2 2  e' 0 2 a L; m ( 3 J  ) 
J 
as uP2a  sin (38 t 2 g z )  
Ip=- aG\  m e' 2 4  (5t D) b$L 3 a  31 2 J 
0 
sin (38 t 2 g 2 )  U P p  3a a s  
aH; Ip=- e> (- 4 - D) b':/L 3 a3' 2 mO 
2 8  
4.4 This calculation has to be repeated f o r  each of the remaining 49 
t e r m s  of S defined by (23). Each a s  /aL;, as /BL;, a s  /aG;, 
a s  /aH; thus obtained is reduced to  its t e r m s  of order  -1, 
0,  1 in e' e' and to its t e r m s  of o rder  0, 1 in T ' ,  and we sum up all  
1P 1P 1P  1P /aG;, a s  
1P 1P 
1' 2' 
the a s  /aL; ,  a s  / a L i ,  a s  /aG;, a s ,  l a c ; ,  as /aH; . W e  have 
1P 1P 1P P 1P 
finally: 
F P p  5 1 2 ( 1 ) '  as 
aL; Ip = -[[(- 1 - 7 D  - 7 D ) b l I 2  mO 
t a 3/2 {< 1 (- 1 - D) b!)i 
t e; (- & D - T6 1 3  D2 -16 D3) b[O/)Z 
29 
3 3) (1) t e ;  ( 7  - Z t T ~ - $ ~ 2  l 3  - s b l / 2  




t $ 1 [@ - D) b$)2 t 6 - D) b$)2] 
t7 ( l  2 
1 2  81 - 82)  2 3 e' 
1 
t e>[(- 5 - $ D  - 2 D 2 1  - 7 D q  b!'/i 
sin ( - P 1  t 2P2 - g1 t g2)  
6 t D t 4 D2 t $ D3) b',);] 3 2  t a  312 e> (- ( - I t  2 a '  )' 
2 sin P 3 2 1  
t a3I2 e> (i D t 2 D t 7 D3) biyi  
(a 
30 
t [ (T - $ D + 7 3 2  D ) b(' 
1 /2  
+[$ (- f D - D') b l / 2  ('1 
s in  (1 - 12) 1 
3/2 
e! 
t a3l2 2 (+ D t $ D2) bs;] 
( 1 - a  1 
t[-$ (3 - 7 D  1 - - D 2 ) b ( ' )  1 
t a3/2 2 (- 3 tT D + 
t a3'2 (2 D t 2 5 2 1  D t 7 D3> b(1;)2 x2 
e! 
2 1 /2  
s in  (21, - 2P2 t g1 - g2)  
( 2  - 2 a '  ) 2  3 2  
1 




t 7 t (% t D) b$)Z sin ( -  l1 - 28,) 
2 
t[$- (- 2 - 5 D) b$i 
2 sin (1 1 t 212 t 28,) 
t a  - er 1 3/2 T‘ (- - D) b\)i] 




31 1 5  D2 - - 1 D3) b(ll/)Z t[e; ( 1 6 - T D t T  4 
sin (41 - J 2  t g1 - 9,) 1 
3 2 2  t a  3 /  2 e; (- 4 t ~ D  31 - K D  1 5  2 1 t x D 3 ) b 1 / 2 1  (1) 
(4 - a ’  1 
3 2  
t["> ( - q D  3 - 2 D  1 2 1 3  t X D ) b ( O )  
1/2 
sin ( 2 1  t I ) 
1 2  t a 31 2 e> ( - g D  3 - 1. D2 t $ 4 
sin (31 1 + 81 - g,) 
t e' (- t 6 D - 3 D2 t D3) bll/)2 
2 9 
t e > ( ~ - T D t ~ D ) b ~ I / ~  1 1 3  s in ( I1  - g l  t g 2 )  
t[e> (-:D--D 1 2 t T D ) b l l z  1 3 (0) 
2 
s in(2P1 - 12) 
sin (31 1 - 2 5  + €41 - g2) 
3 2 2  (3 - 2 2  ) 
2 
sin (312 - g1 + g2) 
( 3 a '  ) 





+ [$ (- D - & D 2 1  - 6 D3) b!:; 
312 1 5 2 1 3) b(0)] 
sin (5 - 2 a 2 )  
+ a  ~ ( 7 D t z D  1 t g D  'I2 (1 - 2 a '  3 2 2  
2 
s in  (211 - 3P2 t g1 - 
(2 - 3 a '  ) 3 2 2  




sin (21 - P t g1 - g,) 
3 /2e;  (1 t D - z D  5 2  1 t a  '> b l / 2  ( 'I]  
t ($ (- $ - $ D) b[l/)Z 
t e ; ( F t K D  81 -8 1 7  D2 -16 D3) bl;)Z 
t T ( - + g D - - -  1 1 D - 8 D )  b[l/)Z 
2 
2 1 3  e' 
2 
t ~ [ ( . t 4 D ) b ~ ? + ( o + ~ = ) b l ; : ]  2 
2 
3/2 - ( 3  t D) bl i2  (1)  
21 57 D + - D  l 7  
+ g  D3) b!;)Z + e ; ( - T - -  8 4 





s in  ( - P 1  t 2P2 - g1 t g2)  
+e' T' [(- 2 a  - !$ .> b$)L t (- 2 a  - 
3 5  
3 5  1 2 3  ( 0 )  t e> (- 16 - 8 D - - 4 D t 16 D3) b l Iz  
3 
1 2 1  elL.  
t -$- (i D t q D t 8 D3) b(O) 1/2 
2 t 7 (- a - ) b3/2 ( l ) ]  (a3/'2)2 
2 
2 sin I 
2 
7' 




t +  ( -  2 t 3 D - D ) blI2 
e 2  
36 
sin ( 2 1 ,  - 2P2 t g1 - g,) 1 
3 2 2  
3/2 e’ 3 t 7 D tz D blI2 
2, (l’l 
( 2  - 2 a  ) 
+ a  - (- 
e; 
sin ( -  21 - 2g2) 
3 2 2  
t a3l2 (a t 2 aD) b (1 1 
3/2 ( - 2 a I  ) 
3 7  
sin ( -  2P1 t P 2  - 2g l )  
( - 2 t a  3/2)2 
3/2 V 2  sin (-12 - 2g2) 
t a  7 2 (;-$I$ b") 3/2 ( -  a 3 2 2  / ) 
sin (3P2 t 2g2) 
3 2 2  
( 3 a /  ) 
2 
t [g (a t D) b$)2 
t a  --q ( 2 a  ts.> b:)Z] (1 t 2 a /  3 2 2  ) 
sin (1 t 2L2 t g1 t g2)  3/2 T~~ 1 
3 8  
sin ( I1  t 212 - g1 t g2) 
+ a  
2 
sin (211 t I 2 ) 
D'> b\o,l] 3/2)2 
t a  3/2 - e; ( - & D - g D  4-16 
e> ( 2  + a  
7 
sin (311 + 81 - g,) 3 2 3  (1) 




1 1 er  1 
2 t 7 (h - 3 D + D3) b$)Z s in (1 - g1 t g,) 
7 
sin ( 2 1 ,  - 1 2 )  
D2 - & D 3 )  b10/:] 3 2 2  
+ a  312 7 ( & D t g  
e 2  (2-1) 
sin (311 - 212 + g1 - g2)  
3 2  ( 3  - 2 a /  ) 2  
39 
1 3  1 2 1 3 (1) 
t [el; ( - - Z t q ~ t q D  - 7 b l / 2  
s in  ( 2 1  t 8 t g1 - g,) 
3 2 2  
1 2  3/  2 
( 2 + a /  1 
t a  el; 
+ [e; (- 1 D - D2 - 8 1 D3) b(lO/)Z 
sin (1 1 - 2 i 2 )  
t a3/2 e; (D t D2 t D? bS;] (1 - 2 a ’  3 2 2  ) 
t [ e l ; ( y t T D - l D 2  1 4 - 4 D3) bi’/)Z 
sin ( 2 8  - 312 t g1 - g2)  1 
t g D  ’) b( l ) ]  1/2 ( 2  - 3 , ’  3 2  )‘
40 
D t g D  ti-g D3) bil/)Z 
t (% t D) b:;:] 
3 
+ e ;  ( - ~ D - ~ D  3 2 3  t K  D3) b(17)2 t (2 t 2 D) b\l/)Z 
2 1 3 (0) e lL t- 2 ( i D  t 8 D ) b l / 2  






e' 2 3 1 2 1  sin (211 - P 2  t g1 - g,) 
t 7  (I - 2 D  - 8 D  + g D 3 )  b:)i,/ 31 2 1 2 - a  
t [e; (- $ - $ D) b$)2. t (- $ - D) b\T)2. 
s in  ( - l 1  t 212 - g1 t g2)  
D - D2 - 1. D3) b(')] 
3/ 2 - 1 t 2 a  4 11 2 
1 sin 21 
2 t (i D - $ D2) b!; 
sin (311 - P 2  t g1 - g2)  
9 7  1 (1) 
t ( - 7 t q D  - 2 D 2 ) b l l 2  3 - a  3/ 2 
42 
sin ( I1  t 12) 
1 2 ( 0 )  
er 
t2 el ( , ~ D t ~ D ) b l , 2  1 + a  31 2 
sin (I1 - 12) 
1 - a  31 2 
1 2 ( 0 )  
et 
t L ( $ D t ~ D ) b l 1 2  ef 1 
s in  ( -  211 - 2gl )  
( 1 )  
';I b3/2 - 2  
sin ( -  1 - I - g1 - g,) 1 
t 2 b$)Z 312 
- 1  - a  
sin ( -  21 - Zg,) 
a (1) 2 
2 - 2 a3/ a b3/2 
sin (-11 - 2g l )  
t e;  (- 2 - D) b$L] -1 
43 
2 
t [* (: t D) b$)Z 
sin (1 - 212 - 2g2) +- e' (- 5 ) ("3 1 
31 2 1 - 2 a  1 b3/2 
sin (21, t P 2  t g1 t g2)  
t e; (t - ) b3/2 ( 0 1 1  2 t a  3/ 2 
t e' 1 
+ e' 2 
t e> 
sin (3L1 t 2 g l )  
3 
s i n ( - 2 P 1  t P 2  - 2g,) 
- 2 t a  31 2 (2 t 5 D) b$)Z 
44 
s in  ( -  l 2  - 2g2) 
- a  3/ 2 t e> (- 4 8  t D) b(1) 3  2
sin (3P2 t 2g2) 
2 
t e;  (%ti D) b312 (  1
3 a' 
s i n  (1 t 212 t g1 t g,) 1 
t e> (5 t D) b$i 1 t 2 a3/ 2 
(1) 
t e> (2 t .) b3/2 s in (211  t l 2  t 2g,) 3/  2 2 + a  
1 s in  31 
sin ( 4 P 1  - P 2  t g1 - g,) 
4 - a  3/  2 
31 1 5  2 1 ( 1 )  t e;  (- 4 t g D  - x D  t K D 3 ) b l j 2  
s in  ( P 1  t 2 P 2  - g1 t g2)  
3/ 2 1 t 2 a  
sin (21, t 12) 
2 t a  3 /  2 
s in  ( 3 1  t 81 - g2)  
3 
+ e ;  s in  (11 - g l  t g2)  
45 
sin (21, - 12) 
2 - a  3/ 2 
1 2 1  ( 0 )  
t e> (i D t 2 D - g Dj)  bll2 
sin (31  - 2 1 2  t g1 - g 2 )  3 1 2 1 3) (1) 1 
t e> ( - g + T D t T D  - g D  bl /2  
3 - 2 a  3/ 2 
sin ( P 1  t 21,) 
31 2 1 t 2 a  
er  2 2 sin (211  t l 2  t g1 - g2)  
31 2 2 t a  
e t L  sin (1 1 - 21,) 
t T ( i D t x D  2 1 t k D 3 ) b ( 1 7 i  1 - 2 a  3/ 2 
sin (21 - 3P2 t g1 - 2 17  1 7 2 1  (1) 1 e' 
+ +  1 ( - r - i 7 ; D + x D  +T7;D3)bl12 2 - 3 a  31 2 
sin ( - 1  1 t P 2  - g1 t g,) 
31 2 
v p l  
((2 - 
D - $ D2) 
0 - I t a  m 
2 
+ e; (i D t D3) b!:; sin 1 1 
sin (21, - P 2  t g1 - g,) 
3/ 2 
+ e\ (z - 3 D - 1 2 1  D t 7 D') bl/z (1) 
2 - a  
46 
sin (-ll t 212 - g1 t g2) 
3/ 2 - 1 t 2 a  
47 
e' sin (P1 t P 2 )  
t -$- 2 ($ D t $ D2) blO/)Z 1 t a  3/ 2 
s in  (21  1 - 212 t g1 - g,) 
312 2 - 2 a  4 
t- 
2 sin 21 t (- 1 - T 5 D - 7 1 D2) bi;; .T~ 
2 sin ( -  211 t l 2  - 2gl )  
- 2 t a  31 Z. t$ 2 (-;-;D)b$L 
7' 2 (- ; (0))  sin - '1 - g2)  
+e' - b3/2 -1 2 
2 sin (-12 - 2g2) 
7' (% - .) b ( l )  
3/ 2 
- a  +e' 2 3/ 2 




2 3 a  
+e' 7' (-%-;I) b3/2 
48 
sin (1, t 2P2 t g1 t g2)  




t- e$ (-a -$D)bs I2  
2 sin (211 t 1 2 t 2g l )  (.a - a 
2 2 t a3/ +e' 2 2 4  3/ 2 
e' sin (P1 t 21 - g1 t g2)  2 
D3) b ( l )  
3/ 2 1 t 2 a  -16 112 
' D - L D 2  
8 
sin (211 t 12) 
2 e' 
t-$ 2 ( $ D t $ D 2 - & D 3 ) b ~ ~ ;  
t - $ ( & - D t ~ D 2 - m D  2 3, b[1'/; 3 
2 t a3/ 2 
sin (3P1 t g 1 - g2)  
2 e' 
2 
D - - D  3, b(l); sin (1, - g1 t g,) 
e' 
16 
sin (2P1 - 12) 
3/ 2 2 - a  
sin (3P1  - 212 t g1 - g,) 
31 2 2 3 - 2 a  
35 l 1  D 3 ) b ( l )  g,) 
t e ; ( y t r D t F D  t -  8 1/2 
sin (312 - g1 
3/ 2 3 a  
2 1 3) (0) sin ( P 1  t 21,) 
t g D  blI2 31 2 1 t 2 a  
sin (21, t i 2  t g1 - g2)  
31 2 2 t a  
sin ( -  p 2  - g1 t g,) 
3/ 2 - a  
sin (I 1 - 2 1 2 )  5 2 1  (0) 
t e; ($ D t 8 D t 8 D3) blI2 1 - 2 a  31 2 
17  1 sin ( 2 1  - 3P2 t g1 - g z )  
31 2 2 - 3 a  
t e; ( - T - -  8 
71 95 1 sin ( - J 1  t- 4 f 2  - g1 t g,) 
t e; (- -g- - - D - D2 - - D? b\l/L 
16  16 31 2 - 1 t 4 a  
2 sin 31 l9  D - 2 D2 - ig 1 D3) blI2 (0) 
t e;  (-g-r 4 a 
sin (1 t 2P2 t g1 - g2)  1 1 (1) 1 
31 2 t e;  (q - & D - 2 D2 - E D3) bllz 8 1 t 2 a  
s i n ( - l l  t 212 - g1 t g2)  
t e; [ (9 t t D) b$)2 t (; t .) b!;:] - 1 t 2 a  3/ 2 
t e ;  (i D b$)2 t D b")) sin (1, t g1 - g,) 
3/ 2 
50  
sin ( -  211 - 2gl) 
t (- %)b(31/)2 -2 
sin ( -  1 1 - 1 2  - g1 - g2) 
t (- :)b$L - 1 - a  3f 2 
sin ( -  21 - 2g2) 
- 2 a  31 2 
2 
t (- :) b$L 
sin ( - 1  - 2g1) 1 
-1 t e' 1 (% t i D) b\'/L 
sin ( -  1 2  - g1 - g2) 
t e ; ( % t i D ) b $ L  - a  31 2 
sin (I1 - 2P2 - 2g2) 
1 - 2 a  31 2 
(1) 
t e; (i t D) b3/2 
s i n  (1 1 t 212 t 2g 2 ) 
1 t 2 a  31 2 t e; (i t D) b$L 
sin (21, t J 2  t gl t g2) 
2 2 t Q3/ 
s in  (311 t 2g,) 
3 t e;  (- % t D) b$L 
t e> (- D b$L) 
sin ( -  21 1 t P 2  - 2gl) 
t e;  [ 5 - $ D) b$)Z - 2-k Q 31 2 
s in  ('11 - 81 - g2) 
-1 
sin ( - P 2  - 2g2) 
- Q  312 +e ;  7 -  iD ':'/!?) 
t e> (- 7 - D) b3/2 s in  (312 t 2g2) 3 a  31 2 3a (1) 
5 1  
- - $ . = + = ( 3 2 )  . 
aH2 aG2 
(34) 
4. 5 The expressions ( 2 9 ) ,  (30), (31), (32), (33) show that 
8s /aL;, as /aLI,, as /aG;, 8s /aG;, 8s / a H f  a r e  sums of, 
respectively, 37, 38, 45, 36, 22 te rms .  In each of these five 
par t ia l  derivatives, let u s  call  t e r m s  of c l a s s  ze ro  those that a r i s e  
f rom the t e r m s  of F of c l a s s  ze ro  i n  the Newcomb sense and t e r m s  
of c lass  one those that a r i s e  f rom the t e r m s  of F of c lass  one in  
the Newcomb sense. 
a r e  of c lass  zero,  the 6 others  a r e  of c l a s s  one. 
l a s t  15 t e rms  of 8s 
c la s s  one. The first 15 and the l a s t  15 terms of 8s 
zero, the remaining 15 a r e  of c l a s s  one. 
t e r m s  of as 
The f i r s t  7 t e r m s  of a s  
of c lass  one. 
-
1P 1P 1P 1P 1P 1 
1P 
1P 
The first 16 and the last 15 t e r m s  of 8s /aL; 
/aL> a r e  of c l a s s  zero,  the remaining 8 a r e  of 
1P 
The first 15 and the 
1P 
/aG; a r e  of c l a s s  
/aG> a r e  of c l a s s  zero, the remaining 6 a r e  of c l a s s  one. 
/aH; a r e  of c l a s s  zero, the remaining 15 are  
1P 
The first 15 and the l a s t  15 
IP 
1P 
Small divisors  i n  e' appear i n  20 t e r m s  of as /aL\ and in the 20 
1 1P 
corresponding t e r m s  of as /aG;. They a r i s e  f r o m  the t e r m s  
of S in which e' has  the power one. In the same manner,  small divi- 
s o r s  in e' appear in  20 t e r m s  of a s  /aL> and in the 20 corresponding 
terms of a s  /8Gl,. They a r i s e  f r o m  the terms of S in  which e' has 
the power one. 




1P 1P 2 
Fourteen of the 20 small divisors  in e; of 8s /aL; 
1 P  
1P 1 
52 
terms of c l a s s  one. Those that appear in  t e r m s  of c lass  one a r i s e  
7 
Fourteen of the 20 small divisors in  f r o m  the t e r m s  in  e‘ T t L  of F 
e> of aSlp/aL; and aSlp/aG; appear i n  terms of c lass  zero, the other 
1P’ 1 
- 
6 appear i n  t e r m s  of c l a s s  one. Those that appear in t e r m s  of c lass  
7 L 
1P’ 
one a r i s e  f rom the t e r m s  in e>,‘ of F 
The 20 small  divisors in e; of as /8L; and as /aG; cancel out 
In the same manner, the 20 small divisors in e’ of 2 
1P 1P 
in  the sum I1 t gl.  
as / a L i  and 8s-  / a G i  cancel out i n  the sum 12 t  g The former  do 
not appear in the Cartesian rectangular coordinates x 
of the disturbed planet P1 re fe r r ed  to the Sun S and dealing with the 
Hamiltonian F 
coordinates x 
center  of mass of S and P 
z depend upon I and gl through the sum I t gl, and x 
1P 1P 2’ 
z lp’ Ylp’ l p  
The latter do not appear i n  the Cartesian rectangular 
1P’ 
of the disturbing planet P2 re fe r r ed  to the 2p’ Y2p’ z2p 
1p’ Yip, 
2p’ Y2p’ 2p 




depend upon I 2 and g2 through the sum 1 2  t 82  * 
4. 6 The old Delaunay variables L1, G1, H1, I 1, g l ,  h l  of P a r e  1 -
connected to its new Delaunay variables L;, G;, H;, I;, g;, h i  that 




L 1 = L ; + *  
H1 = H’ 1 ’  
as 
I = a ‘ - &  , 
1 1 1 
(35) 
in which as /aL;, as /aG;, as /aH; a r e  replaced by their  values 
(29), (31), (33), and in which a s  
values obtained f rom (23). 
1P 1P 1P / a l l ,  8s /;g, a r e  replaced by their 
I P  1P 
53 
In the same manner,  the old Delaunay var iables  L 2’ G2’ H2’ 12’ 
h of P a r e  connected to  i ts  new Delaunay variables L’ 2, Gi J 82’ 2 2 
1P 
H i ,  1;’ g i  h i  that resul t  f r o m  the elimination of the short-per iod t e r m s  
of F through the equations 
as 
L2=L’2 t - J  * 
dl 2 
G2 = G; t 
H2 = H i  
in which 8s /aLI,, 8s 
and i n  which as / a1  2* as /ag  a r e  replaced by their  values obtained 
f rom (23). 
/8G’ a r e  replaced by their  values (30) ( 3 2 ) ,  
1P 1P 2 
1P 1P 2 
4. 7 The two equations ( S 5 )  containing 8s 
/aL> and 8s 
/aL; and as 
/aG> together give a 
/aG; and the 
1P 1P -
two equations (36) containing 8.9 
1P 1P 
sys tem of four  equations with the four unknowns 1 1’ 12’ 81’ 8 2  * 
This system may be wri t ten 
54 
We obtain a solution of (37) by expanding I 1' '2' 81, 8 2  in 
powers of u according to Lagrange's formula extended to functions of 
severa l  variables.  
first, we reduce these expansions to their  f i r s t  two t e r m s  and the 
solution of ( 3 7 )  is 
Since w e  neglect the powers of u higher than the 
12, gl, g a r e  introduced into the equations (35)  1, 2 These values of I 
containing 8s / a l l ,  8s /8gl, 8s / 8 H f  and into the equations 
(36) containing 8s /am2, 8s /8g2, h>, 8s / aG> . Each expres-  
s ion 
1P 1P 1P 1 
1P 1P 1P 
s in  
0- cos ( P l l  + 912 t Y gl + z g,) 
becomes 
I- 1 
s in  1.1; t ql; tyg; t z g f  t r ( p M  t q P  t r N  t s.)]; 2 0- cos 
o r ,  since we neglect the powers of u higher than the first, 
Thus, the old Delaunay variables a r e  expressed in  t e r m s  of the new 
Delaunay var iables  that resu l t  f rom the elimination of the short-period 
t e r m s  by replacing everywhere, under the signs s in  and cos of the 
second members  of equations (35)  and ( 3 6 ) ,  the old angular var iables  
11, 12, gl ,  g2  by the new ones 1;. 15, g;, g i .  
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5. ELIMINATION OF T H E  SHORT-PERIOD T E R M S  
ARISING F R O M  Fl i  
- 5.1 Equation (5) shows that F l i  = Fli*, which means that Fli* is  
the sum of 24 t e rms .  To each of these t e r m s  there  corresponds an 
equation (16), which may be written 
i 
ad 1 aa 2 
t B-= C C O S  (PI t 91 t ygl t zg2) , A- i 
with 
-ua g(ef1, e>, 7’) 
C =  
“‘2 
> 
and where A, B, p, q, y, z a r e  the quantities that  a l so  appeared in 
equation (20). We consider the particular solution of (38): 
Each  solution ( 3 9 )  is  character ized by the five quantities g(e;, e;, T ‘ ) ,  
p, q, y, z .  We 
have 
The s u m  of the 24 solutions ( 3 9 )  we thus obtain is Sli. 
56 
t (+ ell 
t ( - - e f  3 
t (,- 2 3 e'] 
2 1  
sin (21  - I t g1 - g,) 
3 1 2  
2 - a  
1 71 2 3 3 1  - -e'  _ -e' 
8 1  4 l e >  - - e' 2 1  
a 
sin (1 t 2 1 2  t gl t g,) 2 
312 t 2e; r' 1 t 2a 
sin ( -  1 t 21 - g1 t g,) - t ( 2 ?  - 2e5 T' 2 
3 12 - 1  t 2a 
sin ( 3 1  - I t g1 - g 2 )  3 2  
312 t 8 ell 3 - a  
sin (21 - 21 t g1 - g,) 
t e', e', 2 1 3  
L L .  2 - 2a-)IL. 
57  
sin ( 8  - 38 t g i  - g2) 27 2 1 
3 I 2  t 8 e> 1 -. 3a 
sin (41 - 8 t g1 - g2) 
t f erl 3 I 2  4 - a  
sin (28 t 8 - g1 t g2) 3 
3 1 2  t 1 e' 24 1 2 t a  
sin ( 8  t 28 - g1 t g2) 
1 et Ze' 
+ ?  1 2 312 1 t 2a 
sin (38 - 28 t g1 - g,) 
3 
3 12  t 7 dl 2€!' 3 - 2a 2 
sin ( 2 8  t 8 t g1 - g,) 1 2 
16 1 2 3 12  t - e' e' 2 t a  
sin (21 - 38 t g1 - g,) 27 e' e' 2 1 
3 1 2  2 - 3a +16 1 2  
s i n ( I l  t 2P2 t g - g2) 1 3  
t -  e '  
6 2  1 t 2a3I2 
s in  ( -  8 t 48 - g1 t g,) 16 3 
t 7 e; 3 12 
- 1 t 4 a  
5 8  
We shall  not write the values of aSl i /a l l ,  i)Sli/a12, dSli/agl, aSli/ag2 
immediately obtained f rom (40). The values of dSli/aL’ aSl i /aLi ,  
aSli/aG;, aSl i /aGi ,  aS,,/aH; obtained f rom (40) may be written a t  
once f rom the values of as / a L i ,  as  / aLi ,  as /aG; ,  as /aGi ,  
as 
(27), (28) by replacing kp, P 2  by l/k, and f(a)  by a .  
1’ 
1P 1P 1P 1P 




Each  as l i /aL; ,  asli /aL;,  aslilac;, aSl i /aGia as 11 . / a H '  1 i s  reduced to 
i ts  t e r m s  of order -1, 0 ,  1 and e; ,  e '  and to i t s  t e r m s  of o rde r  0, 1 in 
T I ,  and we sum up all these five par t ia l  derivatives.  
2 
We have finally: 
2 s in  ( 2 1  t P t g1 t g2)  - + (a; 1 + a  5 / 2  T ' ' 2 )  e l  
(2 + a 3 / 2 ) 2  
+[a (st: ell - 7-- T '  2 3 -  1 e;2) 
1 
6 0  
s in  ( 2 8  - I t g1 - g,) 
(3 - a 312) 
t a - t a  (-:I] [ 5 / 2  
sin (I t I - g1 -1 g,) 
4 
t a - t a  
( 5 / 2  ? (1 
s in  ( 2 1  t I - g1 t g,) 
(2 t a 3 1 2 )  
t a - e ’ t a  5 / 2  ; dl] [ i l  
61 
sin ( 3 1  - 2 1  t g1 - g,) 
+ a - e ’  t a5j2 ( -  3e5) 
[ : 2  1 (3 - 2 a 3 / 2 ) 2  
sin (1 - 1 t g1 - g,) u a  512  2] 1 -- 
(1 - a 3 I 2 )  
i 
a L; - 2  
62 
sin (1 t 21 t g1 t g 2 )  1 
sin (21  - 21 t g1 - g,) 
( 2 - 2a 3/2)2 
6 3  
sin (21 t 1 t g1 - g,) 
(2 t a 312) 
8 1  
sin (21 - 31 t g1 -  g,) 
(2 - 3a 3 / 9 2  
sin (1 t 21 t g1 - g,) 1 
1 t 2a 3 / 9 2  
t (a + etl t a 
' (42) 
sin (-1 t 4 1  - g1 t g,) 512 1 1 
3 / 2 ) 2  
6 4 e i  
(-1 t 4a 
sin (1 - I t g1 - g,) 1 1 
312 1 - a  +z 
64 
sin (21 t 1 t g1 t g,) 
3 12  
sin (21  - 1 t g1 - g,) 
312 2 - a  
sin (1 t 21 t g1 t g,) 
3 /2 t e' 1 t 2a 2 
sin (-1 t 2 1  - g1 t g,) 
3 12 t e' 2 -1 t 2 a  
sin (31 - 1 t g1 - g,) 3 
4 
- -  
3 1 2  3 - a  
3 e i  sin (21  - g1 t g,) 
+e' 3 /2 
1 2a 
e> sin (21 - 21 t g1 - g,) 
3 I 2  -q 2 - 2a 
65 
sin (48 - 8 t g1 - g,) 
3 12 - erl 4 - a  
sin ( 2 8  t 8 - g1 t g,) 1 - - e' 
8 1  2 t a  3 1 2  
s in  (I t 28 - g1 +- g,) 1 - - e' 
2 2  3 /2  1 t 2a 
sin (31 - 28 t g1 - g,) 3 - - e' 
2 2  3 12 3 - 2a 




t- I 16 e l  
sin (28 t 8 t g1 - g2) 
3 /2  
2 t a  
sin (21 - 31 t g1 - g,) 
27 
3 /2 - T 7 q -  2 - 3a 
e' sin (-1 - g1 t g,) 3 2  
312 + K  7.';- -a 
sin (21  - 8 t g1 - g,) 
1 ,  
3 /L + e'l 
2 - a  
66 
sin ( -1 t 21 , - g1 t g,) 
-1 t 2a 3 12 
3e’ sin (21 - g1 t g2) 1 
+T 3 12 2 2a 
dl sin (21 - 21 , t g1 - g,) - -  
3 12 2 - 2a 
sin (1 - 31 , t gl - g,) 27 1 
4 
- -  
3 12 
1 - 3a 
e; 2 sin (1 t 21 - g1 t g,) 
- -7 
e2 1 2312 
etl 2 sin (31 - 21  t g1 - g,) 
- -  
3 1 2  4=T 3 - 2a 
1 sin (21 t 1 t gl - g,) 
2 t a  8 1  
- - e’ 
3 / Z  
67 
sin (21 - 31 t g1 - g,) 27 , ~ 
3 1  2 - -  e' 2 - 3a 8 1  
sin (-1 - g l  g2) 
312 
2 t ; e;
-a 
g2) sin (1 t 21 t g1 - 
1 t 2a 
1 1 
2 2  312 
- - e' 
- 16ei  312 -1 t 4a 
i 
312 + -  2 1 - a  
sin (21 t 1 t g1 t g2) 
- 1 e' 
3 / 2  2 t a  4 1  
sin (21 - 1 t g1 - g2) 1 t - e' 4 1  3 / 2  2 - a  
6 8  
sin (1 t 21 t gl t g,) 
312 - e> 1 t 2a 
s in  ( -1  t 21 - g1 t g,) 
3 / 2  t e‘ -1 t 2a 2 




5. 2 Small  divisors  in e’  appear in 10 t e r m s  of as /aL‘ and in the 1 l i  1 
10 corresponding t e r m s  of aSli/aG;. Small  divisors  in e i  appear  in 
s ix  t e r m s  of 8.5 . / aL;  and in the six corresponding t e r m s  of 8s 
The fo rmer  a r i s e  f r o m  the te rms  of S 
they cancel out in the sum P1 t g1 , and they do not appear in the 
Car tes ian  rectangular coordinates x 
/aGi. 
in which e ’  has the power one, 
11 l i  
l i  1 
z of P1 dealing with the li’ Y l i ’  l i  
The la t ter  a r i se  f rom the t e r m s  of S in which e; l i  Hamiltonian Fli. 
has  the power one, they cancel out in the s u m  l2 t g2, and they do not 
appear in  the Car tes ian  rectangular coordinates x2iJ Y 2 i 3  z 2 i J  of P2 
dealing with Fli. No small divisors appear in as /aH’ l i  1’ 
- 5.3 The old Delaunay variables L1, G1, H1, P1, g l ,  hl of P1 are 
connected to i t s  new Delaunay variables L; , G ;  , Hi,  1; , g; , hi , which 
resu l t  f r o m  the elimination of the short-period t e r m s  of Fli  through 
the equations 
6 9  
i P = P1 -- aL; I 
aSli L1 = L; t-, 
a p  1 
(47) 
aSli h = h ’  -- 
H1 = H1, 1 1 aH; 
in which &Sli/8L;, aSli/aG;, as . / a ”  a r e  replaced by their values (41), 11 1 
(43), (45), and in which a S l i / a l l ,  aSl i /agl  a r e  replaced by their  values 
obtained f rom (40). 
L2, G2, H2, 12, g2, h of P 2 2 
L;, G;, H i ,  l;, g;, h i ,  which resul t  f r o m  the elimination of the short-  
period t e r m s  of F 
In the same manner,  the old Delaunay variables 
a r e  connected to i ts  new Delaunay variables 
through the equations l i  
i P 2 = P 2  - -  d L i  ’ 
L = L i t - - ,  i 
a m  2 2 
in which aSl i /8Li  and aS l i / aGi  a r e  replaced by their  values (42) and (44), 
and in which as ./a1 
f r o m  (40). 
and aSli/8g2 a r e  replaced by their  values obtained 11 2 
What we said about equations (35) and (36 )  is t rue also f o r  equa- 
tions (47) and (48). 
angular variables I 
In the second members  of (47) and (48), the old 
12, g l ,  g2 have to be replaced by the new Ones 
l ’ 1 J  l i J  g;J g;’ 
7 0  
6. THE CANONICAL EQUATIONS OF THE NEW 
HAMILTONIANS F’ AND Fii  
1P 
The elimination of the short-period t e r m s  ar is ing f rom F 
1P 
t ransforms the sys  tem of canonical equations 
a F  - -  - -  - -  - -  Ip d P 2  a F  dL2 l p  d F  
aL2 ’ dt a P 2  dt  
dL1 - aFle - =  dl 1 - 1P 
aL1 ’ ’ dt a m  1 dt  
a F  
1 = I p  - -  - =  dG2 d F l p  - -  dg2 - e A?, dgl --Ip a F  
ag 2 dt aG2 d t  
dG a F  
dt aG1 dt ag 1 
a F l p  - - = - A  - - = -  dh2 
aG2 ’ 
dH2 dhl dH1 
dt = 0 ,  
a F  
dt aH1 , dt 
= 0 ,  dt 
( 4 9 )  
in which F is expressed by equation ( 6 ) ,  into the sys tem 
1P 
dL; d l  a F  I d L i  d l ;  a F  
- -- - -  7-   -Ip 
- 09 dt aLi  9 
- -  Ip 
dt aL; 9 dt  = 0 ,  dt 
dH; dh; i3F I d H i  dh; a F  ’ 
- -  Ip = 0 ,  - - -  - L-=- Ip dt aG; , dt aH; , dt  = 0 ,  dt  
(50)  
in which F is expressed by equation (19). 
1P 
71 
In the same manner,  the elimination of the short-period t e r m s  that 
l i  a r i s e  f r o m  F transforms the sys tem of canonical equations 
- -  - -  - -- aFl i  - = - -  d B  1 8F1 dL2 8 F l i  d P 2  - =- 
aL2 ’ dt 
- -  
a12 ’ dt 
dL1 aFli 
dt 8Q ’ dt  aL1 a 
- -  dg2 aFli  - -- 
8 F l i  dG2 a F l i  
- = - -  - -  - = -  
dt 8g2 ’ dt 8G2 ’ 
-- dG1 d F l i  dg 1 
dt  ag 1 ’ dt aG1 J 
- -  - --  - aF1 i 
dG2 ’ 
- -- dh2 
dt  = 0 ,  
8Fl i  dH2 - - -  
aH1 ’ dt 
dhl 




in which F is  expressed by equation (5), into the sys tem l i  
whose Hamiltonian F’ 
solved: i ts  linear variables L ’  
hi ( i  = 1, 2)  a re  constants. 
is  identically equal to zero.  Equation (52) i s  l i  
Gf ,  HI and its angular variables P;, g:, i’ 1 
The elimination of the long-period t e r m s  therefore concerns only 
the sys tem of canonical equations whose Hamiltonian is F 
is performed in equations (50). 
and hence 
1P’ 
7 2  
7. C ONC LUSIONS 
- 7.1 We showed that in a f i r s t -order  general  planetary theory in 
which we neglect the powers of eccentricit ies and mutual inclination 
higher than the third, the elimination of the short-period t e r m s  that 
a r i s e  f rom the indirect  par t  F of the disturbing function solves the 
sys t em of canonical equations whose Hamiltonian is F 
tion of the short-period t e r m s  that a r i s e  f rom the principal pa r t  F 
the disturbing function t ransforms the sys t em of canonical equations 
whose Hamiltonian is F 
Hamiltonian F’ 
t e rm.  
with the sys tem of canonical equations whose Hamiltonian is F’ 
l i  
and the elimina- 1 i’ 
of 
1P 
into a sys tem of canonical equations whose 
1P 
i s  the sum of four secular  t e r m s  and a long-period 
1P 
The elimination of the long-period t e r m s  deals therefore only 
1P’ 
- 7. 2 The resul ts  we obtain a r e  a consequence of our hypothesis. It 
would be necessary  to see if they hold t rue  when we consider higher 
powers of the eccentricit ies and mutual inclination. 
contains only short-period t e r m s  i r respect ive of the powers of the 
eccentr ic i t ies  and mutual inclination (Brown and Shook, 1933; Brouwer 
and Clemence, 1961). This means that the elimination of the shor t -  
period t e r m s  always solves the sys tem of canonical equations whose 
Hamiltonian is F 
deals  therefore only with the system of canonical equations whose 
Hamiltonian is F 
intricate a s  the powers of the eccentricit ies and mutual inclination 
increase.  
inclination, F’ 
one long-period term. 
We know F1 
and that the elimination of the long-period t e r m s  1 i’ 
But this la t ter  elimination becomes more  and more  
1 P’ 
Beyond the third powers of the eccentricit ies and mutual 
contains m o r e  than four secular  t e r m s  and more  than 
1P 
- 7. 3 On the other hand, we considered only one disturbing planet. 
It would be useful to investigate the case  in which we consider two and, 
m o r e  generally, n disturbing planets instead of one. Let  us  cal l  
73 
P2, 
m a s s  of S and P 
- .  > Pn+1 those n planets respectively r e f e r r e d  to the center  of 
. . . , to the center of mass of P and an imaginary 1’ n 
planet referred to the center  of m a s s  of P1, . . . , Pn-l. We then have 
to consider n mutual inclinations instead of one: the inclination T of 
the orbital  plane of P1 on the orbital  plane of P2, . . . , the inclination 
1 
T of the orbital plane of Pn on the orbital  plane of Pntl. The formulas  n 
become much more  intricate.  
- 7 . 4  Moreover, in a second-order theory, the old Delaunay var i -  
ables Li, Gi, Hi, P i ,  gi, h. cannot be expressed in t e r m s  of the new 
Delaunay variables L’. 
1 
G f ,  HI, Pi, gf,  hf ( i  = 1, 2)  that a r i s e  f rom 1’ 
the elimination of the short-period t e r m s  only by replacing inside the 
par t ia l  derivatives of S and S l i  with respec t  to Lf ,  Gf ,  Hf, P i ,  gi, hi 1P 
a s  we do in a f i r s t -order  theory. The Lagrange formula extended to 
functions of several  var iables  shows indeed that the coefficients of the 
sines and cosines a r e  not the same,  f r o m  the second powers of the 
masses ,  in the equations containing the par t ia l  derivatives of S 
S l i  with respect  to L’ 
and 
1P 
Gf (i = 1 ,2 )  and in their  solutions. Besides, i’ 
according to our previous notation, the formula 
which holds t rue in a f i r s t -o rde r  theory, has  t o  be replaced, 
second-order theory, by the formulas 
in a 
0- sin (PI t ql t ygl t zg2) - u sin ( ~ 1 ’ ~  t qP ’2 + ydl + zd2) 
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2 - u (pM t q P  t rN t sa) s in  (pi;  t q i >  t yd1 t zd2) , 
in which M, N, P, Q a r e  the quantities that have been defined with 
respec t  to equations (37). 
- 7 , 5  In o rde r  to build a f i r s t -o rde r  general  planetary theory by 
means of von Zeipel 's  method and compare i t  with the previous theories,  
it is  necessary  to check the disturbing function up to the eighth power 
of the eccentricit ies and mutual inclination. This calculation may be 
c a r r i e d  out by the procedure developed in the present  paper. An 
extension of the principal par t  of the  disturbing function up to  the 
eighth power of the eccentricit ies and mutual inclination was made 
by Newcomb (1895), but erroneous coefficients in the eighth powers 
were  pointed out and cor rec ted  by Sharaf (1955) and emphasized by 
Izsak e t  al. (1964). It would be interesting to compare the development of 
Newcomb corrected by Sharaf to the development of F 
up to the eighth power of the eccentricit ies and mutual inclination 
according to  our procedure. 
out fo r  Fli. 
two developments would be  the f i r s t  step in the building, through 
von Zeipel ' s  method, of a f i r s t -order  general  planetary theory. 
car r ied  out 
1P 
Such a development must  a lso be ca r r i ed  
The elimination of the short-period t e r m s  f rom these 
- 7 . 6  The analytical formula we obtain in the f rame of our hypothesis 
concerning the eccentricit ies and mutual inclination shows us that the 
calculation of the angular variables that deal with the principal par t  
of the disturbing function is  reduced to that of the three expressions 
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with j = 0 ,1 ,  and to that of the three  expressions 
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with j = C,1,2, where a,  b, c ,  d a r e  positive o r  negative rational num- 
be r s ,  and p and q a r e  positive o r  negative integers.  This calculation, 
which can be easily computed, has been applied to the two particular 
cases  of Jupiter disturbed by Saturn and of M a r s  disturbed by the Ear th .  
It has been programmed in such a way a s  to include, la te r  on, t e r m s  
of higher order  in the eccentricit ies and mutual inclination, especially 
the eighth-order t e rms  of a f i r s t -o rde r  general  planetary theory. 
detailed report  of this calculation will be given in a la ter  paper.  
coefficients will then be compared to those obtained by Le Ver r i e r  (1876) 
in his theory of Jupiter and to those of Clemence (1949)  in his theory 




7. 7 In the above mentioned exDressions. we assumed essentialv - A 
that  p -k qa3’2 # 0. If p t qa3’2 is close to zero - w e  let  as ide the case  
,e 
in  which p t cp”‘ is s t r ic t ly  equal to ze ro  - and if p and q a r e  sma l l  
and not great ly  different integers, the above mentioned expressions a r e  
called cr i t ical  t e rms  and their  calculation is a very  important problem 
in  general  planetary theory. 
determining functions S 
secular  and long period te rms .  We plan to study them, la te r  on, in a 
systematic  manner. 
Phase t e r m s  must  be excluded f r o m  the 
and Sli  and ca r r i ed  along instead with the 
1P 
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